Abstract. Extending and improving some recent results of Hantoute, López, and Zălinescu and others, we provide characterization conditions for subdifferential formulas to hold for the supremum function of a family of convex functions on a real locally convex space.
clðcoð∪ i∈I ϵ ðzÞ ∂ ϵ f i ðzÞÞ þ N L∩dom ψ ðzÞÞ for each z ∈ X; ð1:2Þ where I ϵ ðzÞ ≔ fi ∈ I ∶f i ðzÞ ≥ ψðzÞ − ϵg and F z denotes the set of all finite-dimensional subspaces L of X containing z; in particular, (1.2) entails ∂ψðzÞ ¼ ⋂ ϵ>0 clðcoð∪ i∈I ϵ ðzÞ ∂ ϵ f i ðzÞÞ þ N dom ψ ðzÞÞ for each z ∈ X; ð1:3Þ when X is a Euclidean space. The formulas such as (1.3) have been established in [9] and [10] in the finite-dimensional space.
The main result of this paper reported in section 3 implies that, for the same conclusion of [11] mentioned above, (1.1) can be replaced by the following condition:
cl ψðxÞ ¼ sup where F is the set of all finite-dimensional subspaces; this new condition is strictly weaker than (1.1) even when I is finite and X is finite dimensional (see Example 3.2) . We show, in fact, that (1.4) and (1.2) are equivalent if X is a Banach space.
The rest of the paper is organized as follows. In section 2, we list some basic concepts and notations; we also prove several preliminary results on normal cones, epigraphs, and supremum functions as well as the relationships between them. These results are needed in section 3, where the main results and some examples are presented.
Notations and preliminary results.
The notation used in the present paper is standard (cf. [12, 29] ). In particular, we assume throughout the whole paper (unless otherwise specified) that X is a real locally convex Hausdorff topological vector space and let X Ã denote the dual space of X equipped with the weak*-topology, whereas hx Ã ; xi denotes the value of a functional x Ã in X Ã at x ∈ X, i.e., hx Ã ; xi ¼ x Ã ðxÞ. Let Z be a set in X (or X Ã ). The interior (respectively, closure, convex hull, convex cone hull, linear hull, affine hull) of Z is denoted by int Z (respectively, cl Z , co Z , cone Z , span Z , aff Z ). Following [29] , the relative interior of Z is denoted by ri Z and defined to be the interior of Z in the topology relative to aff Z if aff Z is closed and the empty otherwise. Then, by definition, one can easily prove that a point x ∈ ri Z if and only if there exists δ > 0 such that Bðx; δÞ ∩ aff Z ⊆ Z . Furthermore, for convex Z , we have that ri Z ¼ riðcl Z Þ and so (cf. [1, Lemma 3.1]) λx þ ð1 − λÞy ∈ riðcl Z Þ ¼ ri Z for any x ∈ ri Z; y ∈ cl Z; and λ ∈ ð0; 1: ð2:1Þ
The negative polar cone Z ⊖ of Z is defined by
The normal cone of Z at z 0 ∈ Z is denoted by N Z ðz 0 Þ and is defined by
The indicator function δ Z and the support function σ Z of Z are, respectively, defined by
Let f ∶X →R ≔ R ∪ fþ∞g be a proper function. Let f Ã denote its conjugate function, that is,
The epigraph of a function f on X is denoted by epi f and defined by epi f ≔ fðx; rÞ ∈ X × R∶f ðxÞ ≤ rg:
It is easy to see that, for two proper functions f and g,
The closure of f is denoted by cl f , which is defined by
For a proper convex function f , the subdifferential ∂f ðxÞ of f at x ∈ X is defined by ∂f ðxÞ ≔ fx Ã ∈ X Ã ∶f ðxÞ þ hx Ã ; y − xi ≤ f ðyÞ for each y ∈ Xg;
and, for ϵ > 0, one defines the ϵ-subdifferential ∂ ϵ f ðxÞ of f at x ∈ X by ∂ ϵ f ðxÞ ≔ fx Ã ∈ X Ã ∶f ðxÞ þ hx Ã ; y − xi ≤ f ðyÞ þ ϵ for each y ∈ Xg:
As is well known, the Young-Fenchel inequality below holds: (the equality in (2.5) is usually referred to as Young's equality). In particular, ðx Ã ; hx Ã ; xi − f ðxÞÞ ∈ epi f Ã for each x Ã ∈ ∂f ðxÞ; ð2:6Þ and the following statements hold for a convex subset Z of X:
The following lemma is well known; see, for example, [29, Theorem 2.8.7] . LEMMA 2.1. Let g, h∶X →R be convex lower semicontinuous functions satisfying dom g ∩ dom h ≠ ∅. Then the following assertion regarding epigraphs holds: 2.1. Normal cones and epigraphs. We begin this subsection with the following lemma.
LEMMA 2.2. Consider convex sets E and B in X. Suppose that E is closed and E ∩ ri B ≠ ∅. Let x ∈ E ∩ B. Then we have that 
and (2.9) is shown. Now assume additionally that E is affine. To show (2.10), we have by the assumption that ðE − xÞ ∩ riðB − xÞ ≠ ∅. This implies that ðE − xÞ ∩ ri½coneðB − xÞ ≠ ∅. Thus, using (2.1), one easily sees that cl½ðE − xÞ ∩ coneðB − xÞ ¼ ðE − xÞ ∩ cl½coneðB − xÞ:
Moreover, it is clear that cone½ðE ∩ BÞ − x ¼ ðE − xÞ ∩ coneðB − xÞ and so cl½coneððE ∩ BÞ − xÞ ¼ ðE − xÞ ∩ cl½coneðB − xÞ:
We apply the bipolar theorem to conclude that
and (2.10) is seen to hold. ▯ For any convex subset D of X, we useF D to denote the family of all subspaces L of X, satisfying the property that riðL ∩ DÞ ≠ ∅. Let F D denote the subfamily ofF D consisting of all finite-dimensional subspaces L ∈F D . The familiesF dom ψ and F dom ψ will be denoted byF ψ and F ψ for simplicity. Similar understanding is forF cl ψ and F cl ψ . For
, and E ⊆ X Ã × R be convex subsets. Then the following formulas hold for each x ∈ D:
Proof. Let x ∈ D. Evidently, F x;D ⊆ F D , and on the other hand, for any L ∈ F D and L x ≔ spanðL ∪ fxgÞ, one has L x ∈ F x;D and epi σ L x ∩D ⊆ epi σ L∩D . Thus the second equality in (2.11) is clear. For the first equality, it suffices to verify that
because the converse inclusion holds automatically (noting
Without loss of generality, we assume that L 0 ∩ riðL 0 ∩ DÞ ≠ ∅ (replaced by the span generated by L 0 with an element of riðL 0 ∩ DÞ if necessary). It follows from (2.9) that
where R þ ≔ ½0; þ∞Þ as usual. Hence, for any δ > 0,
Since V is an arbitrary neighborhood, we get that
where V denotes the set of all weak* neighborhoods of 0. Since L 0 ∈F x;D is arbitrary, it follows that (2.15) holds.
The converse inclusion is clear because
Thus, together with (2.11), we see that (2.13) is true. Assertions regarding (2.12) and (2.14) are proved similarly, but one applies (2.10) in place of (2.9). ▯
Supremum functions.
In the remainder of this paper, let ff i ∶i ∈ I g denote a family of proper convex functions on X, where I is an index set. Let ψ ≔ sup i∈I f i denote the sup-function of ff i ∶i ∈ I g, that is,
The sup-function of fcl f i ∶i ∈ I g will be denoted by ψ cl , that is,
Note that ψ cl is lower semicontinuous, ψ cl ≤ ψ, and so
We always assume that ψ and ψ cl are proper. Lemma 2.4 below is known in [19] .
LEMMA 2.4. The following assertion regarding epigraphs holds:
For a convex set D in X and a proper convex function F on X, we say that ðD; FÞ is an associate pair of convex set and convex function for ff i ∶i ∈ I g if Indeed, (2.19 ) and the second inclusion of (2.20) are evident (assuming (2.18)). By definition and (2.19), it is easily seen that ψ þ δ D ≥ f i , i.e., F ≥ f i and so cl F ≥ cl f i for each i; thus (2.21) is also clear. By a direct verification together with the fact that
, and so it follows from (2.19) that
This implies that the first inclusion of (2.20) holds since, for each L ∈ F D , epiðψ þ δ L∩D Þ Ã is weak* closed, convex, and
The next proposition addresses the following question: When do the inclusions/ inequalities in (2.20) and (2.21) become equalities? PROPOSITION 2.5. Let ðD; FÞ be an associate pair of convex set and convex function for ff i ∶i ∈ I g. Consider the following statements: Proof. In view of (2.20) and (2.21), we have the following chain of equivalences:
where the third equivalence holds because of (2.2) and Lemma (2.4), and the fourth equivalence holds because, by Lemma 2.1,
A similar argument shows ð2.22Þ ⇔ ð2.23Þ. Since implication ð2.23Þ ⇒ ð2.25Þ is trivial, the proof is complete. ▯ Remark 2.3. In view of Lemma 2.3 (applied to co ∪ i∈I epi f We are now ready to present our main result below. In view of Remark 2.1, this result is applicable for the special pairs ðdom ψ; ψÞ and ðdom ψ cl ; ψÞ, and thereby we establish some equivalent conditions ensuring the subdifferential calculus rules for supremum functions to hold. THEOREM 3.1. Let ðD; FÞ be an associate pair of convex set and convex function for ff i ∶i ∈ I g. Let η > 0. Then the following formulas are equivalent for any x ∈ D: Proof. For the proof of ð3.1Þ ⇔ ð3.2Þ, let x ∈ D. We may assume that x ∈ dom F (otherwise, x ∈ = dom ψ by (2.18) and x ∈ = dom f i for each i ∈ I ϵ ðxÞ with ϵ > 0, and consequently, formulas (3.1) and (3.2) hold trivially since ∂FðxÞ and each ∂ ηϵ f i ðxÞ are empty).
[ Then, by (2.6), ðx Ã ; αÞ ∈ ð∂FðxÞ × RÞ ∩ epi F Ã . By (3.1), ðx Ã ; αÞ ∈ clðco ∪ i∈I epi f Ã i þ epi σ L∩D Þ; ð3:7Þ so that there exists a net fðx Ã τ ; α τ Þg ⊆ co which entails thatȳ ∈L 0 becauseL 0 is a closed convex cone. But (3.13) and (3.12) (with y ¼ȳ) are not consistent as fw Ã τ g ⊆ H L;ϵ . Therefore we need only to find a net fw Ã τ g ⊆ H L;ϵ with the stated property. To do this, we first pick a ∈ riðL ∩ DÞ and, for simplicity, write
Without loss of generality, we assume that the convergent nets fα τ g and fhx Ã τ ; aig are bounded. Since D ⊆ dom ψ cl by (2.18), we regard each α τ − x Ã τ − ψ cl as a function on L ∩ D, and we can use (3.9) to represent this function as follows:
By (3.10) and the definition of ψ cl , each term of the above summations is nonnegative, i.e., 
Therefore, the net fy Ã τ g of linear functionals is bounded above on L 0 (see (3.14) ). Thus, without loss of generality, we may assume that there exists y Ã 0 ∈ X Ã such that
On the other hand, note that f j ðxÞ ≤ ψðxÞ ¼ FðxÞ < þ∞ (since x ∈ dom F as assumed at the beginning of the proof). Similar to (3.15) and (3.16), we have Recalling from (3.8) and our choice of α, we also have Let us fix ξ ≔ minfϵ; ηϵg. Denote λ τ ≔ P ft
it follows from (3.24) that λ τ → 1, and so we may assume (as we have done) that λ τ ≠ 0. If j ∈ J τ \ J τ ðξÞ, then j ∈ I ϵ ðxÞ and
for each z ∈ X, i.e., x Ã j τ ∈ ∂ ηϵ f j τ ðxÞ. This implies that z Ã τ ∈ co ∪ i∈I ϵ ðxÞ ∂ ηϵ f i ðxÞ: ð3:25Þ Note also that, since lim τ ðα 0 τ − hy Ã τ ; xiÞ ¼ 0 as noted earlier, one has, by (3.16) and (3.18),
that is, y Ã 0 ∈ N L∩D ðxÞ, and we have
Finally, we verify that the net fw Ã τ g satisfies (3.12). Indeed, let z ∈ L ∩ D (so ψ cl ðzÞ < þ∞ by (2.18)). Then, for the following summation over j ∈ J τ ðξÞ, one has, by (3.16),
where, on the right-hand side, the first summation converges to zero by (3.23) and the second summation also does because of (3.24) and ðψ cl ðzÞ − ψðxÞÞ is a finite constant. This implies that
Since λ τ → 1 and hy Ã τ ; z − xi → hy Ã 0 ; z − xi (by (3.18) and (3.14)), it follows that
and (3.12) follows.
[ð3.2Þ ⇒ ð3.1Þ]. Let L ∈ F x;D , ϵ > 0, and let ðx Ã ; βÞ ∈ ð∂FðxÞ × RÞ ∩ epi F Ã . Then x Ã ∈ ∂FðxÞ and α ≔ hx Ã ; xi − FðxÞ ≤ β:
By assumption, x Ã ∈ H L;ϵ . Then there exists a net fx Ã τ g ⊆ co ∪ i∈I ϵ ðxÞ ∂ ηϵ f i ðxÞ þ N L∩D ðxÞ such that and it follows from (3.29) that
and note that
(by (3.28) and our choice of α). Moreover, by (3.30) and (3.31), we have that
Passing to the limits, we get
Since ϵ > 0 is arbitrary and since α ≤ β, it follows from (3.32) that ðx Ã ; βÞ ∈ clðco ∪ i∈I epi f Ã i þ epi σ L∩D Þ. Since L ∈ F x;D is arbitrary, the proof of the implication is complete.
For the remainder of the proof, we consider the case when X is a Banach space. Note that (2.25) and (3.3) are identical, and so (3.3) is equivalent to (2.24) by Proposition 2.5. Thus we have to show that (3.2) holds for each x ∈ D if and only if (2.24) is valid. The sufficiency part of the above required assertion follows immediately from the equivalence of (3.1) and (3.2) established above, as (2.24) evidently implies (3.1) for each x ∈ D. and so does (3.2) by Theorem 3.1. This means that (i) is true. Moreover, if riðdom ψÞ ≠ ∅, then the set expressed on the right-hand side of (3.38) and that of (3.39) are equal (see Lemma 2.3) and so (ii) holds by (i). ▯ We end this section with two simple examples. The first example shows that the assumption (3.37) in Corollary 3.2 cannot be dropped, and the second example demonstrates a case that our result is applicable but not the main result in [11] , i.e., [11, Theorem 4] .
Example 3.1. Let X ¼ R and I ¼ N. Consider the family ff i ∶i ∈ I g defined by
x∈ ½− 1 i ; 0Þ; 1; x¼ 0; þ∞; x∈ ð0; þ∞Þ;
for each i ∈ I :
Then ψ ¼ δ f0g þ 1, and so ∂ψð0Þ ¼ R. Moreover, for any 0 ≤ ϵ < 1 and i ∈ I , ∂ ϵ f i ð0Þ ¼ ∅. Therefore, formula (3.39) does not hold for x ¼ 0 while f0g ¼ dom ψ (and (3.37) fails). Example 3.2. Let X ¼ R 2 and I ¼ f1; 2g. Define the sets A 1 and A 2 , respectively, by
Consider the family ff i ∶i ∈ I g with each f i ≔ δ A i . Then cl f i ¼ δ cl A i for each i ∈ I and ψ ≔ sup i∈I f i ¼ δ f0g . Therefore, clðdom ψÞ ¼ f0g and (3.37) is satisfied by the family ff i ∶i ∈ I g but not condition (1.1) (which is a part of assumptions in [11, Theorem 4] 
Conclusions.
We have established, by using the powerful epigraph technique, the subdifferential formula for the supremum function ψ at z ∈ dom ψ in terms of the ϵ-subdifferentials of the data functions f i at z. In particular, our Corollary 3.2 extends and improves the latest results due to Hantoute, López, and Zălinescu in [11] . It is tempting to prove Corollary 3.2 by virtue of the corresponding known results and via the following approach.
Define a new family ff i ∶i ∈ I g of proper convex functions on X bŷ f i ≔ f i þ δ clðdom ψÞ for each i ∈ I :
We useψ to denote the corresponding sup-function, that is,ψ ¼ sup i∈If i . Then it is clear thatψ
Moreover, by definition, we can show directly that condition (3.37) implies the following one:
Thus, under the assumption of Corollary 3.2, we can apply [11, Theorem 4] (to ff i ∶i ∈ I g) to obtain that ∂ψðxÞ ¼ ∩ ϵ > 0 L ∈ F x;clðdom ψÞ clðco ∪ i∈I ϵ ðxÞ ∂ ηϵ ðf i þ δ clðdom ψÞ ÞðxÞ þ N L∩dom ψ ðxÞÞ: ð4:1Þ
To proceed further, we have to calculate the ϵ-subdifferential of f i þ δ clðdom ψÞ at x for each i ∈ I ϵ ðxÞ. To the best of our knowledge, the known formulas for the ϵ-subdifferential of the sum of two proper convex functions f and g (see [29, Corollary 2.6.7] ) require that the involved functions f and g are lsc. They can probably be extended to the case when the involved two functions f and g have the property clðf þ gÞ ¼ cl f þ cl g; ð4:2Þ even so, they cannot be applied in our situation here because, in general, condition (3.37) does not imply that (4.2) holds with f ≔ f i and g ≔ δ clðdom ψÞ even for i ∈ I ϵ ðxÞ as shown by the following example of the family ff i ∶i ∈ I g. Therefore, we guess, the approach outlined above does not work for deriving Corollary 3.2.
Example 4.1. Let X ≔ R 2 and I ≔ ð0; 1. Consider the family ff i ∶i ∈ I g consisting of proper convex functions f i defined by This means that clðdom ψÞ ¼ ½0; 1 × f0g and condition (3.37) is satisfied. Moreover, for any x ∈ ½0; 1 × f0g and any ϵ > 0, one sees that I ϵ ðxÞ ¼ I and that, for each i ∈ I , clðf i þ δ clðdom ψÞ Þ ¼ δ clðdom ψÞ > −i þ δ clðdom ψÞ ¼ cl f i þ δ clðdom ψÞ on ½0; 1 × f0g: Hence (4.2) does not hold with f ≔ f i and g ≔ δ clðdom ψÞ for each i ∈ I ϵ ðxÞ.
